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Abstract 

Colliding and intersecting hypersurfaces filled with matter (membranes) are studied in the Lovelock higher 
order curvature theory of gravity. Lovelock terms couple hypersurfaces of different dimensionalities, extending the 
range of possible intersection configurations. We restrict the study to constant curvature membranes in constant 
curvature AdS and dS background and consider their general intersections. This illustrates some key features which 
make the theory different to the Einstein gravity. Ifigher co-dimension membranes may lie at the intersection of 
co-dimension 1 hypersurfaces in Lovelock gravity; the hypersurfaces are located at the discontinuities of the first 
derivative of the metric, and they need not carry matter. 

The example of colliding membranes shows that general solutions can only be supported by (spacelike) matter 
at the collision surface, thus naturally conflicting with the dominant energy condition (DEC). The imposition of 
the DEC gives selection rules on the types of collision allowed. 

When the hypersurfaces don't carry matter, one gets a soliton-like configuration. Then, at the intersection one 
has a co-dimension 2 or higher membrane standing alone in AdS-vacuum spacetime without conical singularities. 

Another result is that if the number of intersecting hypersurfaces goes to infinity the limiting spacetime is free 
of curvature singularities if the intersection is put at the boundary of each AdS bulk. 



1 Introduction 

Lately, a strange idea has become popular in cosmology. It has been suggested ^ that we live on a (3-|-l)-dimensional 
membrane, called a brane world, living in a higher dimensional space-time. Many general relativity models have 
been invented to describe the gravitational behavior of such a brane- world. Although there is a clear conceptual link 
with string theory, i.e. the extra dimensions and the existence of membranes with matter and gauge fields confined 
to their world-sheets, it is also clear that this is a highly speculative idea. 
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This idea motivates a general study of hypersurfaces in d-dimensional curved spacetime. Co-dimension 1 hy- 
persurfaces are understood as co-dimension 1 sub-manifolds which are the locus of the discontinuities of the first 
derivative of the metric. To draw specific conclusions we need a theory of gravity, determining the metric of the 
d-dimensional spacetime locally. Lovelock gravity is a natural choice in d dimensions in place of Einstein gravity in 
four dimensions; it is the only theory (action functional) for the metric which gives second order field equations when 
torsion is zero, that is, when the covariant derivative is given by the usual formula |2|[S|- One can get a relation 
between the discontinuity of the first derivative of the metric to the energy tensor of matter on the hypersurface. 
Hypersurfaces of any co-dimensionality which (potentially) carry matter will be called membranes. 

The more complicated, compared to Einstein's theory, structure of derivatives in Lovelock gravity, makes possible 
to have membranes of co-dimensionality higher than one, via intersections of co-dimension 1 hypersurfaces, without 
any spacetime singularities. Put slightly differently, high co-dimension membranes can be embedded in spacetime 
without causing conical or more pathological curvature singularities if they are embedded at the intersection of co- 
dimension 1 hypersurfaces. In fact, in d dimensions there exist membranes of co-dimensionality up to the integer 
part of ^j^, such that the metric is everywhere continuous, its first derivative has (bounded) discontinuities at the 
hypersurfaces and spacetime is everywhere, and especially at the membranes, a manifold 

The higher dimensional gravity theory of Lovelock B is an interesting generalization of general relativity. In 
d > 5 the Einstein-Hilbert is not the most general Lagrangian that produces second order field equations and it was 
extended by Lovelock to a more general theory with this property. The latter gives the theory familiar features, in 
accordance with our experience from classical mechanics and field theory. It allows for a Hamiltonian formulation j^] 
and the possibility of a well-posed initial value problem 7 . The Lagrangian which possesses this property was 
found by Lovelock [2j and it is a linear combination of terms corresponding to the Euler densities in all lower even 
dimensions j2|- 

lid-l)/2] 
n=0 

where [x] is the integer part x. The generalization of the Einstein tensor is the Lovelock tensor: 

[(^-1)72] 

fft^ — — \^ R /;A'Ml - A'2n . . . Dl'2,i-Il^2n (n\ 

n=0 

The delta is the generalized totally anti-symmetrized Kronecker delta. It is the determinant of a matrix with 
elements , 
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The Lovelock theories have been studied extensively. Higher dimensional black hole solutions have been found [H] [HI CD] ■ 
This has shed some interesting light on questions of black hole entropy. Some cosmological metrics have been stud- 
ied [ni- 

The TT-max = 2 Lovclock theory, which we call the Gauss-Bonnet theory, has a special physical significance. This is 
because the n = 2 term is the only quadratic term which has a ghost free perturbation theory about flat space-time. 
It has been conjectured that the Gauss-Bonnet term is the leading order, purely geometric, correction to the effective 
action of an underlying unitary fundamental theory In particular, the Lovelock contributions, motivated by 

string theory, have played a role in brane- world cosmology I14| . 

It was Zumino 2 who formulated the theory in the way we prefer, as an elegant way to prove suggestions by 
Zwiebach related to low energy string theory ^21- We use the vielbein formulation: E'^ is the vielbein frame, uj'^^ 
the spin connection and fJ"'' is the curvature two-form. 

Dab 771a jpb dM^ TPfi 77A 

In this language, the Lovelock Lagrangian is: 

[(d-l)/2] 
n=0 



where 

and we have defined the totally anti-symmetric tensor such that e(i)...(d) = 1. The Latin letters from the beginning 
of the alphabet are used for the local Lorentz indices (d-dimensional) . Greek letters from the middle of the alphabet 
are used for space-time co-ordinate indices (d-dimensional) . 

In the Lovelock theory, singular hypersurfaces of co-dimension 1 can be meaningfully defined in terms of distri- 
butions |14[ I15| . due to the property of quasi-linearity in second derivatives 116J . Brane- worlds of co-dimension 1 
have thus been the most well studied and understood. They can also be formulated by means of boundary terms in 
the action. The correct boundary term is most elegantly derived by a dimensional continuation of the Gauss-Bonnet 
theorem for a manifold with boundary .17,. This latter approach is the one we have adopted. 

The possibility of colliding shells or branes of matter has been studied in the context of GR ^Sl- In Lovelock 
gravity, there has been some study of intersecting brane-worlds, see e.g. QHI and more recently [201 HHj but so far, 
there has been no study of collisions in this context except our comments in our recent work In that work, 

we restricted the smoothness of the metric so that there were well defined ortho-normal vectors at the intersec- 
tion/collision. The most striking fact, physically, about intersections or collisions is that they could carry their own 
singular stress-energy tensor. This is a phenomenon that does not occur in the Einstein theory. That difference and 



related properties of the Gauss-Bonnet term was used in 19 , to address the cosmological constant problem and for- 
mulate higher co-dimension brane worlds via intersections, continuing on previous work in GR context, see e.g. j22j . 
Our aim here will be to discuss general properties of the intersections and collisions of hypersurfaces in Lovelock 
gravity, mostly via the example of AdS and dS background, which may be useful also outside the brane- world context. 

In the Einstein theory, singular matter can only be accommodated at an intersection of co-dimension 2 if there is a 
conical singularity, with a deficit angle. Then, it is impossible to define two ortho-normal vectors normal to the inter- 
section. Although Lovelock gravity with a conical singularity can be described in terms of distributions [211 [22] , 
there is a certain ambiguity about the solutions- in general, we would not expect the thin brane to be the unique 
limit of a thick brane solution [221 123- We shall not consider this kind of singularity in the present work. 

There is though an interesting possibility. We consider intersections of hypersurfaces, non-null as well as null, 
which carry zero energy tensor. At their intersections there appear higher co-dimension membranes. For non-null 
co-dimension 1 hypersurfaces we have an intersection of soliton-like configurations, pure (cosmological constant-) 
vacuum gravitational field self-supported and with a non-zero jump in the extrinsic curvature; for null hypersurfaces 
we have intersection/collision of gravitational shock waves. In both cases one has at their intersections membranes 
of co-dimension > 2 surrounded by pure AdS background on a non-singular spacetime. This is a phenomenon not 
possible in Einstein gravity |26| . 

Previous works on related problems in the brane- world were in the context of: Einstein gravity e.g. j22j : in 
supergravity, where intersection rules for branes carrying form field charges were derived in refs. |28 j |29 | pn | : and in 
various formulations when Gauss-Bonnet or higher Euler densities are included, e.g. |S3 EI EOl 1^ ■ important 
difference in this work and our previous ones @] [1] is that one may have a high co-dimension membrane without the 
cost of making spacetime singular [SJ [23 |2J| • Our primary intention really is to point out properties of Lovelock 
gravity which are interesting on their own, but our results may be useful to other endeavors. 

In sections I2I4I we present the example of intersecting hypersurfaces in an anti-de Sitter background. In section|3 
we discuss colliding hypersurfaces in de Sitter background and point out the spontaneous dominant energy condition 
violation in collisions. In section |B1 we discuss the dimensionalities of the intersection in relation to a 4-dimensional 
universe. In section 13 we discuss higher co-dimension membranes using intersections of solitonic configurations and 
shock waves. 

1.1 The intersection junction conditions 

For our purposes, hyper-surfaces are (d— l)-dimensional surfaces which divide the space-time up into d-dimensional 
bulk regions. We shall assume that they are space-time like (i.e. with space-like normal vector). If there is a non-zero 
singular component to the stress-energy tensor with it's support on the hyper-surface, we shall also call it a brane. 

The mathematics of the intersections becomes simple if we consider a kind of minimal intersection, which involves 
the minimum number of hypersurfaces needed to build the intersection of a given co-dimensionality (dimensionality of 
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its normal space). Put differently, in such an intersection any bulk region has (a co-dimension 1) common boundary 
with any other bulk region. Not without a reason we call them simplicial intersections: if abstractly we assign a 
point to every bulk region in which the connection is continuous, then a co-dimension p intersection corresponds to a 
p-dimensional simplex, that is, the p-dimensional polyhedron with the minimum number of vertices. This abstraction 
turns into a practical method of calculating the Lagrangian densities integrated over the intersections 

One of the simplifications related to the simplicial intersection, is that if we label the bulk regions with i (and 
designate {i}) then the co-dimension p intersection can be labeled by an anti-symmetric symbol involving the labels 
of the p + 1 bulk regions meeting there; the simplest example are the co-dimension 1 hyper-surfaces designated in 
general as {ioii} — —{iiio}- So we introduce the following 

Definition 1.1. (simplicial intersection) Let {i} be a bulk region. {iQ...ip} is a simplicial intersection where 
bulk regions ig, . . . , ip meet, if it is a (c? — p)-dimensional submanifold. The connections in the bulk regions are 
luq, . . . ,ujp respectively, {io ■ ■ ■ ip} is a part of the boundary of the {p — l)-intersection {io . . . ip^i}. The orientation 
is (?{«o...jp-i} = +{io...ip} + • • • . Swapping any pair of indices reverses the orientation. 

Note that intersections may be space-like, time-like or null (or vary between them). 

There are junction conditions relating the singular stress-energy to the geometry ^1^. Let uji be the connection 
in region {i}. At a hypersurface {ij} there can be a discontinuity tOi ^ luj . The junction conditions at a p- intersection 
are obtained from the intersection Lagrangian: 

[(d-l)/2] 

E /^n^fp)' (6) 

Tl=l 

qp-)iE,LUo, .., wp) = Ap fdn {toi - LUoT'''' ■■■{top- LUoT"'" n{tT-^'''-+' ea,...K, 



Ap =: (-l)P(P-l)/2- 



{n-p)V 

ri(t) is the curvature of the interpolating connection u}{t): 

V 

u;{t) -.^^fuji , n{t) ^ du;{t)+uj{t) ALu{t) (7) 

i=Q 

The r2(t)°p+i ' ''" is short for the (n — p)-fold product: n{t) /\ - ■ ■ /\n{t). The integral is over the p-dimensional simplex 

p 

SO...P - {t e \J2*^ = '^, all U > 0}. (8) 

The junction conditions come from explicit Euler variation w.r.t. to the vielbein: Se^Ci^p) = — 2(T((j ,i_p))j!eb, 
where T(^d,d-p} is the part of the singular stress-energy tensor with support on the intersection. The factor of —2 is 
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explained in the Appendix. So the junction conditions ^ can be written as: 

n—p ^ ^ 

•^^l.-.p+l 

e is the natural volume element on the intersection. We note that E"^^-^ is zero if p > n. 

Also there is another implicit junction condition: there is a well defined (pseudo) ortho-normal frame everywhere. 
If this condition is not obeyed, then the above formula is not valid. In the case of a hyper-surface junction condition, 
it is equivalent to a well-defined induced geometry on the hypersurface. For higher co-dimension intersections it is a 
quite stringent condition. For example, for a co-dimension 2 intersection, there can be no deficit angle. 



2 Intersections in AdS and Gauss-Bonnet term 

We have seen that there is a possibility to localize matter on an intersection in the Gauss-Bonnet theory. We now 
proceed to a specific example. 

2.1 The bulk vacuum solution 

We shall take the simplest kind of bulk solution. Each bulk region is a constant curvature region of space-time. Such 
a space-time satisfies R^^pa — ^(^-1) RidtipQua — 9iia9vp\ R being a constant [33]. There are three possibilities: 

i) de Sitter space (i? > 0), 

ii) anti-de Sitter space (i? < 0), 
in) fiat space (i? = 0). 

In the Einstein theory, constant curvature empty space will be one of the above three, depending on whether 
the cosmological constant is positive, negative or zero. In the higher order Lovelock theory, it is possible that more 
than one type of constant curvature space-time will satisfy the vacuum field equations. The different possibilities 
arise because the field equations are polynomial in the curvature. For a constant curvature, this just reduces to a 
polynomial equation in the curvature scalar. 

A more general space-time would be made up of regions of less symmetric vacuum space time. We will not 
attempt this here, but leave it as a project for the future. 

^In Einstein theory the only junction condition is that of the hypersurface, where if the energy tensor carried by it vanishes then so 
does the discontinuity of the connection, in the non-null case. For a general intersection in Lovelock gravity the energy tensor may vanish 
without implying vanishing of the connection discontinuities. Even for the single hypersurface case, S(i) = "^Zn = does not imply 

that the connection becomes continuous. Simple solutions where this happens can easy be found and such spacetimes have been called 
solitons 1311 . If such a hypersurface is spacelike, there is a breakdown of causality. Another important case of vanishing energy tensor is 
that of the null hypersurface, that is, of the shock wave. Shock waves exist in GR |32| as well as in higher order Lovelock theory. 
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We take the example of anti-de Sitter (AdS) bulk space-time, motivated by: 1) the Randall-Sundrum idea of the 
non-factorizable metric J] which allows gravitons to be approximately localized in a large extra dimension; 2) the 
special role of AdS space in recent advances |35| : 3) The simplicity of the problem from a mathematical point of 
view. Anti-de-Sitter space has constant negative curvature: 

n'''' ^-^E"" ae\ (11) 

The constant I has dimensions of length. It is easy to check that if we write: 

uj""^ = j{u''E'' -u'^E''). (12) 
where is a constant vector, we have, assuming zero torsion dE'^ — —uj\ A E^ , 

7/2 

VL''^ = - — E" SE^. (13) 

Above V? = •qabu'^u^ ■ For an AdS solution, we take u to be space-like = +1. The opposite sign choice gives dS 
spacetime. AdS, dS or flat space is a vacuum solution of the general Lovelock theory Q provided that the following 
relation is satisfied: 

[(d-l)/2] 2 

^0 {d-l-2n)\ ^ ' 

Now let us write the solution in terms of co-ordinates. We will write the AdS metric in conformally flat form. 
Define u ■ x = rjfj^uU^^^^ x" . 

^■5^ = 77 , Vt^'^dx^'dx", iu-x)/l + C >0. (15) 

[[u ■ x)/l + C)'' 

With C an arbitrary constant. Contact between (|15|l and 112|) is made by the choice for the vielbein: 

We will only be interested in the vicinity of the intersection and will not worry here about the global details of 
joining together regions of AdS. 

2.2 Three-way intersection 

We will consider the simplest 3-way vertex. There is a plane covered by co-ordinates {x,y) = {x'^~'^ , x'^~^) . It will 
also be convenient to use cylindrical co-ordinates: x = pcosO, y — psmO. There are 3 bulk regions, i = 1,2,3, 
broken up by 3 hypersurfaces, dX 9 — const. The hypersurfaces meet at the intersection, {123}, at p = 0. The 

space-time is divided into regions: 
Region 1: < 6* < 6*1, 
Region 2: 9^ < d < 02, 
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Figure 1: The intersection of three hyp ersurf aces. Each bulk region, denoted {i}, is a piece of constant curvature space-time. 
If there is no deficit angle we have 9^ = 2n. 

Region 3: 62 < 9 < 83, 

vi^ith the identification ^3 = 0. One can have a conical singularity at the intersection with deficit angle 2t: — 9^ but we 
will not do so for reasons we will mention. So we take 83 — 2tt (fig. 1). In each region i let Ui — (0, 0, cos0i, sin^i) 
such that Ui ■ X — pcos {9 — (pi). The metric in each region takes the following form: 

1 



dsj ^ 



(pcos(0-0.)/^ + l)^ 



(16) 



We have chosen C = 1 here for convenience. We insist that the metric is continuous, so the factor {u-x)/l + \ should 
be continuous across the walls: 



COS(01 - 4>l) =COS(01 - (1)2), 
C0S(6'2 - 02) =cos(6'2 - (pz), 



C0s((/)3 



) =C0s((/)i). 



(17) 
(18) 
(19) 



There is the trivial solution (pi — (j)i+i, which is smooth across the hypersurface. If we are to have any matter on the 
hypersurfaces (a brane) we must choose the non-smooth solutions: 



»2 = (71 



(20) 



This allows for u to be different in each region. The spin-connection (|12|l is not single-valued at the walls. 

At the intersection, we need more than just continuity of the metric. We must have a well defined ortho-normal 
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basis. 

everywhere, including at p 0. Now, since the metric is conformally flat, the angle between two vectors is: 

vZw = — 



This is well known- a confornial transformation preserves angle. So theta is indeed a measure of the angle between 
vectors. At p = 0, we have — {. . . , cos 9a, sin 9a), but with the identification 9 = 9 + ^3. Since rj^'' = E°-ZE'' = 
cos(0b — 9a), for a well defined ortho-normal frame we require cos(0b — 9a + r9z) = 1 07' for arbitrary integer r , so 
we should set ^3 = 27r. Thus we insist upon having no deficit angle at the intersection. 

2.3 The junction conditions 

Recall, the junction condition at each p- intersection is In the next section we shall evaluate the general form of 
£" for the intersections in AdS. Here we shall stick to the co-dimension 2 intersection in the Einstein-Gauss-Bonnet 
theory. Furthermore, we shall not calculate the energy-momentum tensor on the branes but proceed to find what is 
at the intersection. 

There is no contribution from the Einstein term: £^^^ = 0. Only the Gauss-Bonnet contributes. £^2) is: 

ab /•. / , , , , \cd 



(^(2))/ - - iOi)"" A (lUs - LOi)'"' A eabcdf / dH 



S123 



The volume of the 2-simplex is 1/2. 



(■^(^2))/ =^{UJ2 - UJi)"''' A (W3 -UJl)'''^ A efabcd 

\b TT^C f, j^d 



- 2{U2 - U^T{U^ - Ui)'E^ AE^A Cfabcd 

- 2(d - 4) (d - 3) [(«2 - (^^3 - "1)^'^ - K - ^^i)^'^ (^^3 ~ "1)^'^ 



e/(l)(2)- 



The factor in square brackets is 

t>2 - sin 01 ) 



(cos 4>2 — COS 01 ) (sin 03 — sin 0i ) — (cos 03 — cos 0i ) (sin i 
= sin(03 - 02) + sin(02 - 0i) + sin(0i - 03) 
= sin(26l2) + sin(26li - 202) - sin(26'i). 



Note e(i)(2) = e is the natural volume element on the intersection. Putting this into ijSJ), we get the following result: 
Proposition 2.1. The junction condition for the intersection is: 

(ri23)^ - -2(d - 4)(d - 3)/32[sin(202) + sin(20i - 2^2) - sm{29i)]S^ (21) 
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The singular matter on the intersection is a (d — 2)-dimensional cosmological constant or tension.^ 

Using the double angle formulas, we can prove that this tension vanishes in > 5 if and only if: either cos(20i) ~ 1, 
cos(202) = 1 or cos(26'i) = cos(26'2) and sm(2B\) — sin(202)- These solutions are not really intersections at all: 

i) Oi = 02 ^ 4>i = 4>3 — 0, region 2 is shrunk to zero; Oi — ^ (j)2 — (f>3, region 1 is shrunk to zero; or 
6*2 = 27r =^ 02 = 01, region 3 is shrunk to zero. In these cases there is just a smooth AdS bulk. 

ii) 01 = TT ^ 02 = 03, ^'2 = ^ 02 = 01 or 6'i — (?2 = TT ^ 03 = 01 = TT In thcsc cases there is just a single 
hypersurface. 



3 Higher co-dimension intersections in AdS 

So far we have dealt with co-dimension 2 intersections. We now proceed to look at the higher co-dimension simplicial 
intersection in AdS background. There arep+1 bulk regions, {«}, separated by p-f 1 hypersurfaces, {ij}, intersecting 
at the simplicial intersection {jq . . . ip}. The metric in each bulk region is, c.f. 115|) : 



RTl^M"^-' + '^4-.))- (22) 



The branes intersect at a;" = (0, . . . ,0). Each brane is parameterized generally by f{x°') — 0, and is assumed to be 
maximally symmetric in the other d — p dimensions. 

The continuity of the metric at each hypersurface {ij}'. {ui — uj) ■ x — 0, implies that (u^ — uj) is proportional to 
the normal vector to {ij}. Each AdS region is characterized by a unit spacelike vector , i = 0, ..,p and the same 
AdS scale / which we set to 1. Define 

Uij = Ui — Uj (23) 

and 

p 



L{t)^Y.^'u, (24) 



i=0 



with X]r=o^* ~ ^"^"^ 



p p 



R{t)l = u{t)Hl; + N^ , iV^^^^^fiX^ (25) 

1=0 j=0 

Proposition 3.1. The curvature of the interpolating connection is 

fi"''(i) = -R{ty^''E^ A E''\ (26) 
where the symmetric matrix R{t) is defined in 



^If the energy tensor on a hypersurface takes the form —VS'^, we will call the constant V the cosmological constant or tension of 
the membrane, which in some cases might be negative where it amounts to pressure. In this paper we are mainly interested in whether 
the value of the energy tensor is zero or not and we will be writing the tensor as T^" = A5j so one should bear in mind that V = —A. 
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Note : We will not need to take the Ui all of the same causal nature in this proof; each Ui may be time- or 
space-like, or null. 

Proof : By 112|l the connection on each region i is assumed to be given by 

cof = u'iEt - y^E^ (27) 

The curvature of the interpolating connection uj(t) = X]r=o then is 

flit)"'' = dcuit)"'' + ujit)"^ A cjit)"^ = -uitfE" AE''+ (28) 
p 

+ fufuicE'' AEc + Y^ uyjcE" AE^ -{a^b) 

2—0 ij 

where we have used zero torsion and metric continuity to calculate 

MtT' = E ^'^'i' = E ^^d^ - <dEt) = E + «c A E^) (29) 

i i i 

where we drop the region index from the frame E after the derivative is taken as the metric itself is continuous, all 
Ei agree at the hypersurface, only its derivative jumps. 
Now, by using J2^=o = 1' '^^ have 

E t't^u, - uj^iu, - uj), = 2 E t'uy,c - 2 E t't^<ujc (30) 

ij i ij 

SO by 113 and ^ we get (j^ .D 

The intersection junction conditions are @ with: 



= 2P (~l)"-f /" dPt ull.ull S^-^ i?(t)^-+^^.i?(i)?: S-.+i^.+i-""'. ea,...b^c. 

J Soi.-p 



(31) 



Note first that by Uij = UiQ — Ujo all terms involving Nj^ defined by H25|l and (|23|l drop out in the previous equation 
by the presence of the factors wio..Upo (involving all vectors which span the normal space) and the anti-symmetry of 
the volume form ea-^,,bnc- Note that this also true if some Uio's are null. Now applying the identity 

E'^-'- Ae,,...d^ = —511^ S',l e^,...,„_„], (32) 

[m — ny. ' 

we can then write 



= (-l)"-f (-l)?'(?'-i)/' 2P / dPtu1'o..u/o {u{tf r'P 

SOl.-p 

X (^!i±ll: Jfi . . . Sl^6^-t'. Sl"^" ■■■51- ^l" ^ca, a 1 (33) 

The factor of (-1)p(p-i)/2 comes from the rearrangement of the indices. The quantity after the symbol x equals 

(rf-p-1)! 
{d-2n-\)\ 

and is calculated in the Appendix. 
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(34) 



Let "n} , ..,nP be ortho- normal vectors that span the normal space. The one free index mtersection volume form is 
defined by 

p 

~ec^\{{n' -n') {n^T' -{nPT- ea,..a,c (35) 

i=l 

Note the difference in the position of the free index c from the previous formula. 
If we define the matrix of components 

< ul^ni, (36) 
expanding the vectors w^o in in the ortho-normal basis we have 

Wio-SoeaL.apC = det(M^)gc, (37) 

so finally 



(38) 



- („!p),(rf-2n-'l)! i-^r-n-lY''-'"' 2^ det(.D £ ^ dH {u{tfr^^ e.. 
Substituting this in and reinstating I, we get: 

Proposition 3.2. The junction condition for the simplicial p-intersection is: 

{Tdfii...p)l —h.dm...p^b^ (39) 



n—p 

where T(j,oi...p is the energy- momentum tensor on the intersection. 

Before proceeding let us first look at the Einstein case where only /?i is non zero. AdS and dS spacetimes 
correspond to the vector u being space- and time-like respectively so we find that the bulk cosmological constant is 

V;. = -A. = Tft "'-'j,^^' (40) 

which is the standard formula with beta related to the Newton's constant G by /3i = (SttG)^^. The tension of a 
hypersurfacc in Einstein gravity reads 

Vd,io = -Ad,io - (d - 2)^(ui - uo^ua (41) 

where n° is the normal vector on the hypersurfacc {10}. Applying this to the geometry of the three-way intersection 
discussed in section we find 

Vd,w = (d - 2) ^ ( sin(0i - 9o) - sin((/.o - 9o)) = (rf - 2)^ 2 sin((/.i - 0o) (42) 

where Ui — {cos (pi, sin (pi) and rii = {— sin 9i, cos 6i), and the positions of the hypersurfaces {10}, {21}, {02} are 
^'o, ^1, 6*2 respectively. We have labeled the regions by 0,1,2 instead of 1,2,3 as in section We have applied the 
continuity conditions H17|) to get the l.h.s. of H42|l . Then the tension is positive if (pi — 6*0 is greater than zero and 
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smaller than tt. In a similar fashion it is possible for all three to have positive tensions. In particular, the tensions 
become equal (and positive) in the symmetric case where the vectors u are symmetrically arranged and so are the 
hypersurfaces, with the directions of the u's lying in between the hypersurfaces at 7r/3 angle from them. This setup 
on AdS background has been studied in the past, see e.g. j38) . Below we will use the symmetrically arranged vectors 
u in the case of general co-dimension to show that det(u^) in (|39(l is always positive. For special Lovelock gravities 
we will see that the tensions of the intersections are all positive. 



Something interesting about the contributions of the individual Eulcr terms, that is, about the value of Ad^oi...p 
when a single such term is considered or contributes, is that it never vanishes. 

Proposition 3.3. Each term in (|39|l can not vanish unless /9„ is zero. (The terms can possibly cancel among 
themselves) . 



Proof: First recall: 



"10 "lO 



, (p) (p) , 

\ "pO ' ' ' "pO / 

and each vector Uio is proportional to the normal vector of the hypersurface {Oi}. If the determinant of wf is zero 
then the vectors Uio are not linearly independent. That is, they can't span the p-dimensional normal space of the 
codimension p simplicial intersection so the configuration degenerates to a lower co-dimension intersection. 
Also since 



i{t) = ^ fui = "0 + ^ t^UiQ 



i=0 1=1 

and Ui's are spacelike vectors then u(t)^ > 0. But Uio are linearly independent space-like vectors which span the 
normal space and uq a spacelike vector on it, that is, u(t) cannot be zero everywhere on the p-simplex. So the integral 
in l|39|) does not vanish. □ 
Now define 

T. A'-'''''''" (,."p)!(l7n"-lV -'' <«' 

n—p \ r- / \ y 

where the dependence of Pd^p on /3's and I is suppressed. A^^^oi-.-p then reads 

Ad,oi...p = det(u^) / dn Pd,p {u{t)^) (44) 

We have the following 

Proposition 3.4. A sufficient condition for A^; oi...p 7^ is P(i p{x) > (or < 0) for < a: < 1. 
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Proof: Since, \u{t)\ < J2i=o ^N^d — J2i=o ~ 1' I""*! = ^ with \u\ = the proposition is clear for x = uit)^ 
and < x < 1. Also if = then ~ u{t) ~ X^iLo linear independence of the we get that all 

Ui — 0; this happens only at one point on the simplex. On a similar basis, if — 1 then all vectors Ui must be 
equal; = 1 happens only at the p + 1 points, the 0-dimensional faces of the simplex. So for the integral (|44|l 

one may take < x < 1 and if Pd.p > (or < 0) in this region the integral does not vanish. □ 

An interesing case we can study is Chamseddine's Chern-Simons theory with AdS gauge group, in rf = odd |39j P] . 
It is a Chern-Simons theory from an Euler density in + 1 = even dimensions with tangent space being AdS instead 
of Minkowski. This Chern-Simons theory is classically equivalent to a Lovelock gravity'^, existing in d = odd, with 
coefficients 



f3^ =K{d-2ny.- 



d-2n 



k\ Ik 

= K(±l)"+iA2"-''(d-2n-l)! I (45) 



n , 



where n = 0, k with k = = [^^] and the minus (plus) sign corresponds to the dS (AdS) group case and A is 
the dS (AdS) gauge group length parameter and k a dimension-less constant. The factor (d — 2n)l comes from our 
definition of the Euler terms in 10} compared to the definition in the references. 

It is easy to see that the bulk equations of motion for our AdS background Hll() implies = A^. This is the 
vacuum solution of the theory. As both variables are assumed positive we have X = I. Using the formula for 
above in ()43|l and redefining the summed index as n — p = m we see that 

P,,(x) = -.2-^P-»^ g ,f V = (46) 

[k — py. ^-^^ m\[k — p — my. 

[k — py. 2 
So we obtain the following formula for the co-dimension p membrane embedded at the intersection of the regions 
labeled by 0, 1, ... ,p in Chamseddine's theory 

A,,oi...p = _^2P-iiP~<i k\{2k-py. ^^^^^ I _ ^^^^^^fc-p ^^^^ 

All these A's are non-zero: as the polynomial does not change sign for < x < 1 so we see from Proposition 13.41 
that (for Chamseddine's theory with AdS group) Ad,oi...p 7^ 0. 

Let the vectors mq, . . . ,Up be symmetrically arranged in the normal space forming a symmetric hedgehog. This 
is discussed in Appendix IdI where formulas for det(u^) and u{t)'^ are obtained. One finds 

A,,, ^ -^F~'V2i2V6r-' ''f''jf- (1 + 1)'^'^' f dPt{i-j2tn'-' m 

\ P)- \ J j^Q 

where Sp is any p-simplex, as by symmetry the tensions of all (d — p)-dimensional membranes in the configuration are 
the same. One could say that Vd.p = —^d,p is the tension of the (maximally symmetric) co-dimension p membrane 

^By considering intersections in Chamseddine's theory we go through a curious kind of cycle- Chern-Simons (gauge theory) Lovelock 
Gravity — > Chern-Simons (intersection terms). Whether there is anything deep behind this or just coincidence, we do not know. 
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in the vacuum of Chamseddine's gravity; it has been emphasized at the introduction that these membranes are 
embedded in spacetime without causing singularities or changing its topology, for p — I, . . . ,k. The tensions in this 
formula depend only on the dimensionless k, the length I, and the dimensions d and p and they are all positive. 
Let us now turn to d = even. Consider the following Lagrangian m d — 2k + 2 dimensions defined as 

nfiin±^EAE)''+')^ (49) 
^-^ n!(K + 1 — n)! 

Tl— ^ ' 

For the + (— ) sign choice the constant curvature vacuum solution is an AdS (dS) spacetime with curvature propor- 
tional to where A is a length parameter; we will call H49|) as AdS and dS Born-Infeld theories respectively |4(JI lU] . 
K is again a dimension-less parameter. 

The last term is topological (exact form locally) and drops out of the equations of motion. So using Q and the 
general definition of the Lovelock Lagrangian Q we find 

= K(±l)'=+i-"A2"-'^d(d - 2n - 1)! (50) 

where again k = d/2 — 1 = [^3^], n = 0, k. These coefficients are similar to /3^'s so one may say that Born-Infeld 
theory is the analogue to Chamseddine theory in c? = even. 

Again the bulk equations of motion for our AdS background give that A^ — P for the AdS Born-Infeld 
theory. Putting the AdS /3^^'s into ijlSIl we have 

P,.p(a;) = -n2P-'d^^^^-^-^F-' (1 - xf-" (51) 

From this we obtain formulas similar to (|47|l and H48|l . and from Proposition 13 . 41 we have that for (AdS Born-Infeld 
theory) all Ad.oi...p are non-zero. 

Note that the results for non-vanishing simplicial intersection's energy tensors are due to the high symmetry of 
the system: the bulk regions are portions of the same, highly symmetric spacetime, AdS, and the gravity theories 
have an AdS with a given radius as the single vacuum solution. In general, vanishing (simplicial) intersection's tensor 
does not imply degeneration of the intersection, that is, the connection can be discontinuous at the hypersurfaces. 
On the other hand, it is an interesting fact that the high symmetry of the background and of the theory makes all 
these intersection energy tensors (tensions of the embedded membranes) strictly non-zero. 



In c? = even it is easy to see why the polynomials get these summed expressions (|49|l and in turn by the similarity 
of the coefficients, to see why in Chamseddine's Lagrangian expressions get simplified too. In fact the simplicity has 
nothing to do with the AdS background we mainly use in this work: according to our discussion in the simplicial 
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intersection Lagrangians are generated by expanding the polynomial 

rjBi = nf {{np ± X-^E{t) A E{t))''+^) = nf {{dtuj + n{t) ± X-^E{t) A E{t))''+'^) . (52) 
The intersection Lagrangians read 

Js„^_., (fc + l-p)! 

X / dPtf{{iJi~uJo)..{Ljp~ujQ)[n{t)±X-^EAEf+^~P) 

from which the equations of motion (junction conditions) are obtained by merely varying with respect to the frame 
E, as the variation with respect to the connection vanishes under the zero torsion condition for the frame on each 
bulk region IS]. For AdS backgrounds and going through the steps that lead to H39|l we can show that (|53l) leads to 
l)51|l . H53|l can be applied to more general backgrounds such as the asymptotically AdS black holes of these theories, 
see e.g. 001 0^01) which will support less trivial energy tensors and time evolution at the intersection hypersurfaces. 



4 Non-simplicial intersections and AdS boundary 

We now return to a co-dimension 2 intersection. Let us now see what happens if there are four or more hypersurfaces 
intersecting. We have bulk regions i — 1, . . . ,m with hypersurfaces given by the configuration of angles: 0i, . . . , 9^- 
We label the intersection as /. 

The metric continuity condition (ui — Ui+i) ■ Xi = for the i-ih hypersurface gives 

cos(6'i - = cos(6',; - (pi+i) (54) 

writing Xi — pi{cos9i,sm9i) where (pi,9i) is the position of the i-th hypersurface on plane. One solution of this 
equation says that 4>i — 4>i+i is integer multiple of 27r which is rejected as implying that Ui — Wi+i which would make 
the connection continuous there by H12|l . The other is 9i — (j>i+i = —{9i — (pi) + 2ni'i or 

9i = i(0j + (j>i+i) + i^.TT (55) 

i = 1, . . . , m with the convention (j)m+i — ^re integers, there is a discontinuity Ui ^ Wi+i which implies also 

the discontinuity uji ^ oJi+i of the connection, from the formula (|12|l . 
Now one finds 

where = Y:~=\{~^y^j + Y.7u~^r''^j- 

For m — even one finds for all i the single expression 

01 - 02 + 03 - ^4 + • • • + 0™-l - 0m = -V^ (57) 
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where all Pi's are equal and denoted P. The angles </>,; drop out. We have chosen < 6'i < 02 < • • • < 6'm < Stt. It is 
not hard to see that the above equation makes sense only for D = 1. So in this case we can't put the discontinuity 
hypersurfaces anywhere we like, without making the metric discontinuous. So (jji's can't be expressed in terms of 
the positions of the hypersurfaces. The tension in / is only a function of the bulk regions data (pi. The intersection 
behaves rather as part of the background. The same happens to the analogous situation when we study collisions. 
For an m = odd number of hypersurfaces we have from the above formula 

E(-l)'^^- - E(-l)'^^- = + (58) 

We then derive: 

i—l m 
j=l j=i+l 

We need the junction conditions for a non-simplicial intersection. It is worthwhile digressing to explain a bit the 
abstract approach of ref. 5 which allows us at once to write down the answer. Below we give only a sketch of the 
method. For a full account the reader should consult 5 . 

The intersection Lagrangians are obtained by expanding a polynomial 

r? = (dtioit) + r!(t))"i-'^=" A eai...a.„. (60) 

The structure of the Lagrangian at the intersection {123} of the hypersurfaces {12}, {23}, {31}, separating three 
bulk regions, given by 

-^123 = / V (61) 

S123 

is a result of the simplex boundary rule 

9si23 = S23 - Sl3 + Sl2- (62) 

See Appendix [21 for the general definition of the simplex and the associated boundary operator. The form 77 is a 
generalized Lagrangian, an example of which we used in (|52|l . rj generates the intersection Lagrangians according a 
rule like (|61|l by integrating over t. Here t is the co-ordinate on the simplex. More generally t is the co-ordinate on 
a chain which is dual to the intersection in the following sense. 

Consider a non-simplicial intersection, for example of four hypersurfaces {12} ,{23}, {34}, {41}, separating four 
bulk regions. We consider a 3-dimensional simplex with vertices labeled by 1,..,4. The Lagrangian at the intersection 
is constructed by finding a chain"* c on that simplex such that 

dc = S12 + S23 + S34 + S41 (63) 
where the r.h.s. reflects the arrangement of the hypersurfaces on the normal plane of their intersection. 

*A chain or p-chain is, for our purposes, a linear combination of p-dimensional simplices with coefficients integer or rational numbers. 
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By it is easy to see that such a chain is 

C = Sl23 + Sl34 (64) 

where the boundary operator acts hnearly; c is not unique, different c's obeying (|63|l differ by a chain which is itself 
a boundary. Then the Lagrangian, given by 

' V (65) 



IS 

'Ci23+'Ci34. (66) 

As c is not unique, this Lagrangian is not unique cither. If c' is another chain satisfying then c' = c + da for 
some chain cr, so by Stokes theorem the Lagrangians corresponding to them are related by J^, rj — J^V J^r ^tV- 
It is a special property of the Polynomials (|60|l that the pull back of dtrj + dxf] onto the d + 1 dimensional space 
ax (intersection) vanishes. So Lagrangians constructed by different chains c differ only by exact forms 



It easy to construct now the Lagrangian for the non-simplicial intersection of m hypersurfaces which reads 
Ci = £i23 + >Ci34 H h -Ci.m-i.m- This gives 

{Ti)t^-2{d~i){d-3)f32ASl (67) 

m 

A = ^ sin((/)i+i - (pi) 

i=l 

with (j)m+i = 01- Using (|59|) . we can express A purely in terms of the configuration: 

(i — l m, 
j = l 

The solution (pi — (pi+i is trivial so the terms in bracket can not vanish individually. However, there are more degrees 
of freedom than for the three-way intersection. There should be non-trivial zeroes of A. The simplest 3-way planar 
intersection (section|2} in AdS background will have singular matter at the intersection. The intersection of a higher 
odd number of branes may or may not, depending on the geometry. 

We now point out an interesting relation between the limit m ^ cx) of the number of intersecting hypersurfaces 
and the boundary of AdS. In the example of a non-simplicial co-dimension 2 intersection of m hypersurfaces let the 
vectors Ui be arranged symmetrically by 

2ti 

==(i-l) — ,i = l,2, ...,m (69) 
m 

From (|55|l and taking vi = . . . Vm-i = and = 1, which is also consistent with the constraint P = 1 in H57|l for 
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m=even, we find 



m \ 2 J m 

So the direction of the u vector of every bulk region is in between of the directions of the hypersurfaces bounding 
that region. 

From the (/)j's and 9iS we find that the metric is given by g^u ~ Vfi^i^ + 7"P5m(^))~^ where p is the radial variable 
on the normal plane, C > is a constant we usually set to 1, and 

f / 27r\ TT 27r TT 27r 

gmiO) = <coii[e-i — , h z — <9< \-i — , i = 0, 1, . . . , m - 1 (71) 

[ \ m J m m mm 

It is continuous and 27r-periodic in the 27r-periodic variable 6. In fact the function repeats the same values in every 
region: at all hypersurfaces has the value cos(^) and approaches the value 1 in the middle of the interval; it is a 
copy of 

cos^, [--,-] (72) 
mm 

for TO times. So the interior of the bulk regions is a copy of that piece of the AdS spacetime with radius I, a 1/to of 
the whole. In particular we have that 

cos(-) < gm{0) < 1 , V G [0, 27r] (73) 

TO 

If we take the limit to — > oo the function Qmi^) approaches the constant value 1. In this limit the metric of the 
spacetime becomes 

ds: 



'■^m—^oo 



(c + jp^ {dp" + pHe'' + riafidx'^dx^) (74) 



where x" are the coordinates parallel to the co-dimension 2 intersection. The curvature 2-form is calculated to be 

n"' = dt^ (^1 + Q)E^ AE''- (^1 + C^^ Q]Ei A E" - ^E" A E'' (75) 

where i,j = 1, 2 are indices of the Cartesian coordinates on (p, 6) plane and Qj = 5^^ — projection operator on 
it, and the Ricci scalar is 

R = 2{d-l)^(^l + C^^-d{d-l)^ (76) 

For C ^ the space develops a curvature singularity. 

The curvature singularity can actually be removed if the intersection is located within the boundary of each AdS 
bulk region. The constant C, taken to be the same for all regions, restricts the coordinates via C + Uj • x/Z > for 
the i-th region. Call Ai the space defined by this inequality. If we set (C — 0) we have that the metric in Ai is 

'^^i = V^..dx^dx" (77) 

(ui ■ xy 
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with Ui ■ X > 0. We want to include the space • a; = in Ai i.e. to consider the closure Ai of the open Ai. The 
metric (|77ll does not extend over the boundary of this space and it is given a meaning along the lines of Penrose's 
conformal compactification. One may multiply this metric with a function / with a first order zero at the points x 
with Ui ■ X = 0, to get a metric dsf = f^dsj which extends to the boundary Ui ■ x = Q oi Ai and defines a metric dsff^ 
in it; the function / is arbitrarily chosen in Ai^ as long as it has a first order zero at the boundary. As there is no 
natural choice of /, the coefhcient of the zero is arbitrary and the metric dsf^^ is only well-defined up to conformal 
transformations. Ai is a part of the AdS spacetime, the patch covered in Poincare coordinates which we have used 
to write the AdS metric in H77|) and • a; = is a part of the AdS boundary. The boundary has the topology of a 
sphere times the real line: S'^"! x R [55] [51]. 

So let C = in the bulk regions so that the i-th region is a subspace of Ai. The intersection is located at a 
common co-dimension 2 subset of the boundary of all AiS\ it is given by p = in each one of them. When this is 
the case the infinite m metric reads 

72 72 

ds^^oo = ^{dp^ + P^de^ + Voadx^dxl^) = —(V + Vapdx^'dxf^) + fdO^ (78) 

which is nothing but a (d — l)-dimensional AdS times a circle with radius I: AdSd-i x S^. That is, a dimension 
gets compactified and p — becomes the boundary of an AdS (a single Poincare patch of an AdSd-i)- The AdSd-i 
metric is conformal (with a constant factor) to that of the AdSd\e=const. and it is the AdS living at each hypersurface, 
ending at p = 0. The boundary of the limiting spacetime has topology S''^^ x x R. 

We have mentioned that because the metric at the boundary of the AdS is defined up to conformal transformations 
the energy tensor there has to be traceless. In our case it is diagonal so it should vanish identically. Now for finite 
m the tension at the intersection (|67|) via (|69|l reads 

27r 

2(d-3)(d-4)/32r2 •TOsin— (79) 

m 

Absence of a curvature singularity in the limit m — > cx) is consistent only with P2 — (or d < 4) i.e. only Einstein 
gravity. This is for the symmetric configuration Ht)9|) . On the other hand take m=even and consider the configuration 

27r 

(/)i = (z-l) h (-l)'e , z = I, . . . ,771 = even (80) 

where e is a constant so that by the metric continuity condition (|55|l the positions (|70|l remain unchanged, employing 
the fact that for m^even the positions 6i don't fix completely the 0i's. The limiting metric in this case is 

72 1 72 

dsl,^^ = 5 ^{dp^ + ria,f3dx°'dx>^) + ^^6*2 (81) 

cos-^ e cos^ e 

namely just the radii I of (|78|l are rescaled. From Ht)7f) and finite m one finds for the tension on the intersection 

277 

2{d - 3)(d - 4)/32/"^ • 777 sin — • cos(2e) (82) 

777 
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For conformal matter on the intersection this should vanish, which happens in Einstein-Gauss-Bonnet theory if and 
only if 

cos^ e = i (83) 

determining completely the limiting metric H81|l . 

Conversely, note that in d > 5 Einstein gravity alone could not completely fix the metric (|81|) . It is the higher 
Lovelock term which can reach the co-dimension 2 sub-manifold p — and fix the metric. In fact one can prove the 
following 

Proposition 4.1. Any configuration converges in the limit m ^ oo to the family of metrics (|81|l . In Einstein gravity 
the whole family is allowed and the limit is ambiguous. When the Gauss-Bonnet term is included a single element 
is picked by 

Proof: From 1)55(1 we have 

9i+i -0i^ ^(4+2 - (t>i) + [vi+i - Vi)n (84) 
In the i + 1-th region the argument of the cosine in the intersections metric (|77|l ranges according to 

^(01 - + l/^TT < 6* - 01+1 < ]^{(t)i+2 - 0-i+l) + fl+lTT (85) 

In the limit m oo, {0i+i — 0i) (or to 2tt when i = m with 9,n+i = Oi + 27r.) From the first formula we see 
that the argument of the cosine goes to the fixed value 

^{(f>i - 0i+i) + i^i^r = ^(</'i+2 - 4+1 ) + i^i+iTT (86) 
up to a possible 2tt. From this equality we see that in the limit m — )■ cxd 

^i<f>,+i-(l,,) = i~iye + iy7r (87) 
for some constant e for an integer v. ^ That is, the limiting metric is given by the one-parameter family of metrics 

Now the quantity A in (|67|) reads for large m 

^ m 

A = - ^ cos{(f),+i - sin 2(6*, - 0,-i) (88) 

1=1 

neglecting terms of order {9i — ^i+i)^ ^ Ijiv? in the sum. As the sines in H88() are of order 1/m only the order 1 part 
of the cosine's argument matters for large to. This has been identified as (— l)*2e. A converges to 27rcos(2e) and 
the tension on the intersection vanishes under 1)83(1 . Put differently, one sets this tension to zero for any to obtaining 
relations among (f> whose limit constrained by ((84(1 is given by 1(83(1 with 1(87(1 . □ 

^Comparing with 1551 . this implies (j>i — > 9i + (— l)'^^e plus integer multiples of 7r/2. 
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Summarizing, if the number m of intersecting hypersurfaces separated by AdS backgrounds goes to infinity, the 
hmiting spacetime does not have 1/p curvature singularities if the intersection is put at the boundary of each AdS 
region. The constraint for a traceless energy tensor at the intersection can be satisfied, as described in Proposition 

63J. 

5 Colliding shells and Dominant Energy Condition 

A colhsion is described by an intersection with the timehke coordinate being on the plane of intersection. We take 
the vectors u to be timelike, that is, we consider dS spacetime. The three normal vectors Ui — Uj are spacelike; 
let Ui — (coshCi, sinhCi) so {ui — UjY — 2(cosh(Ci — Cj) ^ 1) > 0, so the hypersurfaces are actually timelike. Let 
the positions of the hypersurfaces be given by the configuration of rapidities: V"!; "02 V's- ^ general point on a 
hypersurface is labeled T(cosh'(/;i, sinhTAi), suppressing the other dimensions. ^ 

From the calculation of the previous section we have that the pressure p in the spacelike collision surface^ is 

P = 2 E(-l)"il^-(- - dhium-' (90) 

One can prove an analogous to Proposition 13.31 The reasoning is similar, only now < 0, or more specifically 

""(0^ — ^1- None of the terms in the sum vanishes alone. So in general, and in particular for the special Lovelock 
gravities described by the Chamseddine and Born-Infeld Lagrangians discussed above, the pressure p does not vanish. 
That is in general intersecting inflationary spacetimes with different timelike coordinate lead to matter with pressure 
at their spacelike intersection in Lovelock gravity. 

This explicit example gives us the chance to point out the following, already clear from the general formulas: in 
a collision i.e. intersection of timelike hypersurfaces, there is in general matter appearing at the spacelike collision 
surface. Viewed on the normal space, this looks like a collision of particles such that an instanton may appear at 
the collision event. Now, the dominant energy condition 33 is that for all timelike Tab^,"^^^ > and T'^''£,a is a 
non-spacelike vector, where the energy tensor. This is clearly violated by the above energy tensor. Thus the 
dominant energy condition (DEC) can be violated at collisions in Lovelock gravity. 

In Einstein's theory, the gravitational field equations themselves can not impose the dominant energy condition. 
One must also specify the matter equations of motion or, equivalently, the stress-energy tensor. For example, the 

®It is clear that the description of collisions in dS is an analytic continuation of that of intersections in AdS, so some aspects of 
intersections can be translated to the collisions. Consider then a non-simplicial collision, of m hypersurfaces. When m = even > 4 
without much thought we get the constraint 

Jpl - i>2 + ■ ■ ■ + iJ^-l - iJn^ = (89) 

with the r.h.s. being zero as there is no 2n periodicity here. An explicit calculation confirms this. In this case the pressure p at the 

intersection is not completely determined by the rapidities ipi . One of the must also be specified. 

'^Calculating the energy tensor on a spacelike hypersurface one should keep in mind that we define the volume element 1351 to be 

negative for such hypersurfaces so the energy tensor is minus the value given at l39l . 
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junction conditions allow a space-like hypersurface with space-like matter. 

However as we discussed in for colliding shells, the dominant energy condition at the collision is obeyed if and 
only if there is no conical defect. So the dominant energy condition arises naturally at the collision from a condition 
on the regularity of the metric. Suppose that we have some matter action to describe the free shells which respects 
the dominant energy condition. When the shells collide, perhaps there could also be some contact interaction at the 
collision surface, so in principle, we could add an interaction term to the matter action. The regularity of the metric 
imposes that this interaction term must vanish. 

For the higher order Lovelock theories, this condition does not arise naturally. The junction conditions for the 
collision surface are non-trivial. They allow for pressure and momentum localized at the collision. This pressure 
and momentum is purely tangential to the surface. So the collision process will involve something flowing along 
the space-like collision surface in violation of the dominant energy condition. So the higher order Lovelock theories 
impose no energy condition on the type of interaction allowed. In general, we could have a collision where all of 
the shells are ingoing and annihilate each other, with the energy flowing away to spatial infinity along the collision 
surface. These novelties arise from the peculiar fact that in the energy exchange relations 4 for the collision of shells 
the purely stress tensor at the spacelike collision surface contributes with components normal on the surface. 

On the other hand, when we consider the matter component of the theory it is very natural to impose the DEC, 
which is interpreted as that the energy can not flow faster than the speed of light. If the matter part of the theory 
is such that the DEC is respected, then this places a strong restriction on the kinds of geometry which are allowed. 
For example, if two maximally symmetric shells collide in dS, it is impossible to have a single outgoing maximally 
symmetric brane in dS bulk. There must be more than one outgoing brane and/or some disturbance of the bulk. 
So we have a constraint which is a kind of selection rule for the allowed collisions due to the higher order Lovelock 
terms. 

As a last comment, we should note that the other energy conditions are also violated in general. The dominant 
condition for a perfect fluid with energy density g and pressure p reads g > |p|- As discussed this is not satisfied 
in an arbitrary collision of shells in Lovelock gravity because g = and p is in general non-zero. The weak energy 
condition reads g > and g + p > 0. This is satisfied in the examples we discussed above if p > 0.^ This is certainly 
not the case in general: for example if we calculate H9()|l for the case of Chamseddine gravity we get 

p = . ^Kl^-'^id -l)id- 3)(d - 3)! det(wj) f dh (-1 - (91) 

where k = This is positive ii d = 4m — 1, for some integer m, and violates the weak energy condition by being 
negative in d = Am + 1 dimesions. 

*Note that (regarding the bulk cosmological constant as matter) the dS background itself satisfies the dominant and weak energy 
conditions, and also the null energy condition which simply reads f + p > 0. It does not satisfy the strong energy condition: £) + p > 
and g + 3p>0asp = — ^)<0. The AdS background satisfies the null and strong energy condition but it does not agree with the weak 
and the dominant energy conditions. 
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6 Dimensionalities of intersections and 4-dimensional brane universe 



In d bulk dimensions Lovelock Lagrangian contains terms of n-th power of the curvature, with d > 2n, or n,, 
[{d — l)/2], [ ] the integer part. The lowest dimensional intersection is d— nmax or 



(92) 

That is, one can't have an intersection of dimension lower that roughly half the bulk dimensionality, or, for a given 
intersection dimensionality the maximum possible bulk dimensions are roughly twice that. In particular if we are 
interested in 4-dimensional sub-manifolds it is easy to see that the available bulk dimensionalities are d — 5,6, 7. 

Consider a spacetime without boundary or with boundary that is smooth, i.e. the normal direction changes 
continuously along it. Let us also insist that spacetime is a (diffcrcntiable) manifold. The metric is assumed non- 
singular in the sense of being 33 , which in particular means that the first derivative of the metric may have 
only finite discontinuities and remains bounded in general. This excludes conical singularities. Also, it excludes the 
general case of orbifolds. 

We want to restrict matter in sub-manifolds under these conditions. Consider a manifold and let finite discon- 
tinuities of the first derivative of the metric occur at hypersurfaces, which in general intersect. This respects the 
above conditions. Also, in Lovelock gravity matter does get localized at (restricted on) the discontinuities and their 
intersections. One may say that this is the only way to get matter restricted in sub-manifolds under the conditions 
set in the previous paragraph as an alternative is not known. 

So intersections provide the means to restrict matter in sub-manifolds of co-dimension 2 or higher in a non-singular 
spacetime. Lovelock gravity is in a certain sense a natural generalization of Einstein theory in d > 5 dimensions: 
(|T|) is the most general action for the metric field which produces at most second order field equations under the 
condition of zero torsion PlEl- Under these conditions and the conditions discussed above, one may say that the 
4-dimensional intersections in d < 7 dimensions exhaust the list of possibilities in the spirit of the idea to think of 
our universe as a subspace of higher dimensional spacetime; one of course may consider theories of fourth or higher 
order field equations, hypersurfaces of arbitrary thickness, conical or other singularities in the bulk geometry etc, but 
all these add a very large number of model depended possibilities in the already not entirely economical RS-scenario. 
Another possibility is to assume that subspaces have their own intrinsic gravity terms, apart from the ones induced 
by the bulk. Then one has to invent mechanisms of how they arise. 

Let now the boundary of the spacetime be not smooth, the direction of its normal vector changes discontinuously 
crossing hypersurfaces embedded in the boundary. Then new surface terms should be added in action involving 
various angles. In Einstein gravity this has been analyzed in the past 41., and has also been used in the intersecting 
brane world literature 021 ■ This kind of action could also be constructed for the general Lovelock gravity. 
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7 Vacuum solutions and higher co-dimension membranes 

The higher order derivative structure of Lovelock gravity allows for vacuum solutions when the connection is dis- 
continuous at non-null as well as null hypersurfaces. As in general there are non-trivial junction conditions at the 
intersections, higher co-dinicnsion membranes are allowed to exist in vacuum without deficit angle or more patho- 
logical curvature singularities. 

7.1 Solitonic configurations 

Consider a single hypersurface between the regions labeled by and 1 and a case where 

Ad.oi = (93) 

This is to be satisfied for /3„'s , Z and the it's, along with the bulk equation of motion (|14|l . Solving H93() for I, when 
it is possible, we obtain an I — l{(3n>i,Ui)- This put in H14() gives the bulk cosmological constant Abuik = —^Po = 
-^Pa{f3n>i,Ui). 

This is a solitonic configuration in the sense that via a discontinuity in the connection at a hypersurface there 
exists in spacetime a self-supported vacuum gravitational field (modulo the bulk cosmological constant). For Einstein- 
Gauss-Bonnet theory such a spacetime was considered, in relation to brane- world problems, in j81| . 

This kind of solutions (stable or not) existing for some Lovelock gravities are not related to topological numbers 
and one obvious statement is that they are due to the appearance of more than one delta function (or, to delta 
function x zero) in the field equations in Lovelock gravity in the presence of a hypersurface. A different way to 
put it is that they are possible because Lovelock gravity is on the verge of not having a well defined initial value 
problem [J: as a space-like hypersurface evolves it is possible to pass through a stage where its extrinsic curvature 
jumps without matter being responsible for that. This is of course not a problem in the solitonic configurations, as 
they are solutions over the whole of time. 

Now, when hypersurfaces intersect, in general matter will be localized at the intersection and so the same can 
happen when solitons intersect. Consider first a co-dimension 2 intersection. When the energy tensor at the co- 
dimension 2 hypersurface does not vanish we have a case where a co-dimension 2 matter is standing alone in spacetime 
without the appearance of a conical singularity. By H39|l . define coefficients Cqi p via 

fc 

Ad.OL.p = ^01.. p Pn (94) 

with k = [^^]- The dependence of the c's on d is understood. Let d> 5 and consider Einstein-Gauss-Bonnet theory. 
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Three intersecting solitonic configurations of the kind discussed above means that A^^oi — ^d,vi = Ad,20 = so 

+ = (95) 
cL/?! + c?2/32 = 

C20/3l + C20/32 = 

For /3's not to be zero the relations have to be hnearly dependent. This is possible: it is adequate to take all three 
angles between mo,ui,U2 equal, as then u{€)^ will give the same integral over all 1-simplices. One the obtains a 
relation for the couplings constants, that is, is specified a class of the Lovelock gravities that accommodates such a 
configuration. Let mq = (1,0), ui = (-1/2,^3/2), u-i = (-1/2, -\/3/2). We find 

-r^(d - 2) det(u) /3i + r3(d - 2)(d - 3)((i - 4) det(u) /Ja = (96) 

So for d > 5 solving for jii we have by H94|l 

Ad,oi2 = c2i2/32 = -3\/3 /?i (97) 

where we used also the volume of the 2-simplex d^t = i. As the geometry does not contain a deficit angle (which 
is not hard to see employing the metric continuity conditions) we have a co-dimension 2 surface filled with matter 
in spacetime without conical singularities. Moreover the energy density is positive, the tension on the co-dimension 
2 intersection is Vd_oi2 = ^ Arf_oi2 = 3\/3 Pi > 0. We discuss higher than 2 co-dimension membranes in AdS and the 
associated Lovelock gravities in the Appendix ^ In general backgrounds, solitonic solutions are possible with no 
relations among the beta couplings. This interesting implication of Lovelock gravity is discussed in future work. 

7.2 Shock waves 

We turn now to the case of shock waves Let a hypersurface separating a dS region with vector uq, Uq = — 1, 

and an AdS region with vector ui, u\ = 1. The hypersurface is given by the continuity condition (wq — ui) ■ x — Q. 
Let the vector uq — ui be null. Then also • ui = 0. 

Proposition 7.1. Consider pure Gauss-Bonnet gravity with cosmological constant. Then a null hypersurface sepa- 
rating a dS and an AdS with the same length scale / is a shock wave. 

Proof : First, by the bulk equations (|14|l we see that if /?„ is not zero for n — 0,2 =even, the same I can be a 
solution for both dS and AdS. Now, let us repeat the equation 

^(p) = {-IT-^[~IY^^-'^'^ 2^ ^ <Ft ull..u;i {u{tfT-^ ld-2n-l)\ '^"-"^ ^^^^ 

This is still valid even if one (or more) of the u^o's is null. It is important that we nowhere refer to the intrinsic 
geometry of the null hypersurface. If this quantity vanishes there cannot be a non-zero energy tensor in the null 
hypersurface. 
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For Gauss-Bonnet gravity and a null hypersurface discontinuity the single contribution is f32 times (putting the 
common length I back) 

-2r3(d-3)(d-4) / dt u[tf ul^eca (99) 
Jo 

But 

u{tf = -tl + tl = -{\-if + f (100) 

taking ti = t, that is 

/.I 

dt u{tf ^ (101) 



so the energy tensor at the null discontinuity vanishes identically. □ 
Also we have 

Proposition 7.2. Let Lovelock gravity be given by a sum of even order Eulcr terms. Then a null hypersurface 
separating a dS and an AdS with the same length scale I is a shock wave. 

Proof : By the bulk equations 1)14(1 we see that if /3„ is not zero for n =even, the same I can be a solution for 
both dS and AdS. For the null hypersurface between dS and AdS with the same scale we have from before that 

uitf = -(1 -tf + = 2t-l so 

dt iuUf)'^-^ = / dt (2t ~ l)"-i = ^ — - (102) 

Jo In 

so from (|98|) for p = 1 we have that the energy tensor at the null hypersurface vanishes for all rt^even.D 

Consider now the non-simplicial intersection such that four dS and AdS regions are put alternatively: uq — (1; 0), 

wi = (0, 1), U2 = (—1,0), ii3 ~ (0, —1). Let the gravity be pure Gauss-Bonnet. Then all four hypersurfaces are null 

and shocks. 

The co-dimension 2 hypersurface is spacelike. Its Lagrangian is 

/:012 + ^023 (103) 

The intersection is non-null so by (|39|l we get the energy tensor on it is pure pressure equal to 

8/32 r2(d-3)(d-4) (104) 

This is calculated via the determinants of ( "3° ) and ( "3° ) which both equal to 2. 

In general, consider the same configuration for a Lovelock gravity involving all possible even order Euler terms. 
The Lagrangian is still given by H103|) . Over the simplex S012 we have 

u{tf = -tl + tl-tl + 2tot2 ^tl- {to - t2f = (1 - 2io)(l - 2*2) (105) 



using the u's above and that to + + ^2 = 1 over this simplex. There is a similar expression over so23- So we have 

1 

2(n- 1) 



dh {u{tfr-' = I'dto f '° dt2 ((1 - 2io)(l - 2t2)r-' = ^ ^„ (106) 
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where we used formula I|1U2I) and that ?i=cvcn. The same quantity is obtained from the simplex so23- Having 
calculated the determinants above (equal to 2) we use these to the formula to get for the pressure at the 
intersection 

y ^l^^d^3L_ (107) 

n— even>2 

We see then that in a collision of shocks a co-dimension 2 matter is required to exist at the collision event surface. 
As noted above this spacelike matter violates the dominant energy condition, as a general feature of collisions in 
Lovelock gravity, here seen in the case of shock waves. 
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A Some manipulations with Kronecker delta 

In this appendix, we derive the quantity given in equation 13411 . We would like to determine the constants A{d)jnn in 

(TO + n + 1)! 

~~(^^^~;p[y~°[a^-°aZ^cb^...bm\ = A{d)mnecb,..bm- (A.l) 

In components this means 

(jl \y_ ^[ai"^aZ^cbi...bm\c-n + i--Cd = ^{d)rnn^cbi..bmCn+2---Cd- (^-2) 

Contracting with the same epsilon symbol with indices upstairs we have, using standard formulae (see e.g. the 
Appendix of [SE])) 

-dl A{dUn ^-{d-n-iy.im + n + iy.6^^^..S:-S^XlA:]- (A.3) 
It is easy to show that the contracted delta's times {m + n + 1)1 give 

d\ 



(d — m — n — 1)! 



(A.4) 



so 



AidUn - , . (A.5) 

[a — m — n — 1)! 



B Variational principle for metric and vielbein 

The action for Lovelock theory with matter is: 



^ / ^Lovelock ^ / ^7nat- 
IM J M 
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The Euler variation w.r.t. g^'' (neglecting boundary terms) leads to: 

Jm 

where H^^^ is the Lovelock tensor, T'^'^ the stress-energy tensor. The volume element e is: 

e = dx^ A • • • A dx'''. 

These more familiar expressions for the gravitational action principle are in terms of variation w.r.t. the metric. 
Since we have used the vielbein language, it is useful to be able to translate between the two. The volume element 
is, in terms of vielbeins: 

e = ^eai...a,i^"' A • • • A i;"'' = S^^) A • • • A (B.l) 

We also define 

^ ea,...a,E''''+' A ■ ■ ■ /\ E'^' (B.2) 



t-ai...ap • _ ^y^ai...ad 

We shall need these identities: 



7TI ' 

A e,,...,„ = ^-—^6ll_^^ ...5Z e<i....d_„l, (B.3) 



SE'' = SEIe^E", (B.4) 



SE^E^ = -E^SEj^, (B.5) 



f = 27]''''6E^E^. (B.6) 



The point is that because the uj equation of motion vanishes identically, we can use l)B.6|l replace metric variations 
directly for vielbein variations, SgC — Sg^^)^- First, we define 

Tab Ej^T^^E^,, (B.7) 

Using (|B.3I - Ir!6|| and noting that 

SE'' AEa^ -E^SE^e, 

we find that 

T^J9^"'e = -2T,'5E'' A e^. 
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The field equations in terms of the vielbeins are: 

Se" Ci^ovciock ~ —IT^eb- (B. 



If there is singular matter with support on some intersection /, we have a term in the action: 

y^^mat, (B.9) 

The variation gives the stress-energy tensor on /: 

J£^at = -f^Jh^^'^e (B.IO) 

is the energy-momentum tensor on /. On the intersection we have an induced metric h and the corresponding volume 
element 

e = ^\d'^-Px. (B.U) 
The stress-energy tensor will be related to the variation of the appropriate boundary term in the Lovelock action: 

Let v} , . . . ,vP be an ordered set of ortho- normal vectors which spans the space of vectors normal to /. In terms 
of the vielbeins, the volume element is: 

e = f[{n' ■ n') {n^r ' ' ' K)"''eai...a,. (B.12) 

i=l 

The order of the normal vectors gives the orientation on /. The factor J^(n* • n*) is ±1 depending on whether / is 
time-like or space-like. 

If we vary the frames tangential to / such that they remain tangent^ to /, there is a simple relation: 

SE" Mb = Ej^SE'^i ((5i;''tangential). (B.13) 
Following the same procedure as above, we then derive: 

Y,PnSEXl'p)=-2f^eb (B.14) 

n 

It is important to remember this factor of —1/2 when relating the stress-energy tensor to the Euler variation w.r.t. 
the vielbein. This has been used in equation l^. 

®This is sufficient if wc vary £mat only w.r.t. the induced metric h and not the position of the intersection. In this paper, we consider 
only dS/AdS bulk solutions, where the terms involving (5i?° not tangential always vanish anyway. 
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C A word on the simplex 

A (Euclidean) p-dimensional simplex or p-simplex Sp is defined as {t € R-^^^ | X^iLo = 1, allt' > 0}. A bit more 
generally is defined as the set of points X^f^o ^^'^^ with the same conditions for the i^'s as above, for ao, .., flp points 
in the Euclidean space R''"''^ such that ai — uq, ...,ap — ao are linearly independent |37| . This reflects nicely the 
properties of the vector u{t) encountered in this paper. 

A 0-simplex is a point, a 1-simplex is an interval, a 2-simplex is a triangle, a 3-simplex is a tetrahedron etc. A 
fc-dimensional face of the simplex, designated Sio- «fcj subset of Sp such that 

Sio.Ak = e Sp\t^ = 0,Vj 7^ io, ...ik} (C.l) 

Of course by definition a fc-dimensional face is itself a fc-simplex. It is easy to see that there are ( ) fc-dimensional 
faces on the p-simplex. 

Clearly (fc — l)-simplices are parts of the boundary of the fc-simplices. The rule which takes into account orien- 
tations is 

r=0 

where hat means that this is index is absent. The symbols 5^,-,..^^, are completely anti-symmetric. 

D Membranes of co-dimension higher than 2 in AdS bulk 

D.l The symmetric hedgehog 

Let the vectors u be symmetrically arranged in the fc-dimensional normal space, forming a symmetric hedgehog. In 
particular the average position defined by their ends (the barycenter) coincides with the origin 

UQ + --- + Uk^O (D.l) 

Also by symmetry all inner products are equal. Call this cosine cos(j)k- Taking the square of the above we have 

(l + fccos</)fc)(fc + l) = (D.2) 

So 

cos(/)fc = --i (D.3) 



Then 

/ p \2 p / 1\ 1 



where in the last equality we used ljD.3p and that (Xi ti)^ = 1- 
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The other bit we need is the determinants made out of the vectors UiQ. It equals to the volume of an p dimensional 
parallelepiped made out of vectors with length 



|w»-uol ^ V2-2cos^fe = y2+- (D.5) 

and angle between any two vectors Uio and UjQ given by the cosine 

" -Z"^- " = ^ i = COS 60° (D.6) 

\ui — uo\\uj — uo\ 2(1 — cos0fc) 2 

So all "heights" of the parallelepiped are given by the length in (|D.5|) times sin 60° = V3/2. The determinant related 
to a p-simplex face of the fc-simplex is 

*.K)^(^)'"(2 + f)"' (ar) 

D.2 Gravity 

In the case of Chamseddine and Born-Infeld type of Lovelock gravity we considered (AdS) vacuum and intersections 
such that the u vectors are symmetrically arranged. Here we find the Lovelock gravity such that the tension of all 
membranes with co-dimension p ^ k = [^^] is zero. 

So Adfli...p — Ad^p here and for each p we consider one expression and call the coefficients in (I94II simply c^. If 
all except the co-dimension k intersection A's vanish, we have 



clPi + cl/32 + ■■■+ cj-i/3fc_i = -4f3k (D.i 



4/32 + ■■■ + 4 ^Pk~i = ~'4(3k 



were we put the last term in the sums in r.h.s. to give it the form of an upper triangular (fc — 1) x (fc — 1) linear 
system. 

The inverse of the matrix /i = (c^) of the coefficients is rather easily calculated by the method of forming a 
(fc — 1) X 2(fc — 1) matrix by putting a unit matrix on the side of fi and adding appropriate multiples of lines to 
other lines of this big matrix until in the place of /i the unit matrix appears; then in place the unit matrix /i^^ 
appears. Then we find that the inverse is an upper triangular matrix. The diagonal terms are l/c^ and the 



upper triangular part is 



n = p + 1, k — 1. So 



c 




/3p = -4Pk + ^^nPk ^[~~4+ ^P^n ) (D.IO) 



32 



p = 1, .., /c — 1, where 

cl ^ ' in-py.id-2n-iy. J^/ ' ^ ' 

These coefficients depend on d and the AdS radius I but also on a couphng beta which is left arbitrary. In detail, (3o 
is fixed in terms of a given bulk cosmological constant Abuik — —-^Po, and by the bulk equations of motion p4|) the 
coupling (3k is fixed in terms of / and Abuik- Einstein gravity with arbitrary cosmological constant is the trivial case 
of these. 
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